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ABSTRACT 
ErdOs and Moser [1] displayed a tournament of order 7 with no transitive 
subtournament of order 4 and conjectured for each positive integer k existence 
of a tournament of order 2 e-~ -- 1 with no transitive subtournament of order k. 
The conjecture is disproved for k = 5. Further, every tournament oforder 14 has 
a transitive subtoumament of order 5. Inductively, the conjecture is false for 
all orders above 5. Existence and uniqueness of a tournament of order 13 
having no transitive subtournament of order 5 are shown. 
1. ~NTRODUCTION 
A tournament T,~ is a directed graph of  n nodes such that each pair of  
dist inct nodes v and w is jo ined by exactly one of the arcs vw or wv and 
no node is jo ined to itself by an arc. The outset o fv  (inset of  v) is the set 
of  all nodes w such that vw (wv) is an arc of  T~, and is denoted OS(v)(IS(v)). 
OS(vl ..... vm) is defined to mean 
OS(v0  n ... n OS(v~).  
The number  of  nodes in OS(v) (IS(v)) is called the outdegree o fv  (indegree 
of  v) and is denoted od(v) (id(v)). I f  the nodes of  T~ are labeled so that 
od(v0 ~< ... ~< od(v,~), then the ordered n-tuple (od(v0,..., od(v,~)) is called 
the score sequence of  T,~. A T,, with score sequence (0,..., n - -  1) is called 
a transitive tournament and is denoted TT~. 
In this paper we consider the fol lowing problem posed by Erd6s and 
Moser  [1]: What  is the largest in teger f (n)  such that every T~ contains a 
TTI(,} ? They proved f (n )<~ 2[ logan]-}-1 and Stearns [2] proved 
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f(n) >~ [log0 n] + 1. Erd6s and Moser showed f(7) = 3 and conjectured 
f (n )  = [logan] + 1. In particular, they could not decide whether 
f(15) = 4. An equivalent statement is that, for each positive integer k, 
there exists a T~ with n = 2 ~-~ -- 1 which contains no TT~. In the main 
result of this paper we disprove this conjecture by showing f(14) = 5, 
and further f(13) = 4. 
We first establish two preliminary results. 
THEOREM 1. The number c o f  cyclic triples (a cyclic triple is a T3 with 
score sequence (1, I, 1)) in a T~ with score sequence (s 1 ..... s,) satisfies the 
equation 
c = (1/12)(n)~ -- 1)(2n -- 1) -- (1/2) ~ s, z. 
i=1 
Proof. Berge [3, p. 133]. 
THEOREM 2. (i) There exists a unique T 7 without a TT  4 . (ii) There exists 
a unique T 6 without a TT4. 
PROOF: (i) The following T 7 contains no TT4 : the nodes are the integers 
modulo 7 and ~ is an arc if and only i f j  -- i is congruent to a quadratic 
residue (mod 7). This T7 is due to Erd~Ss and Moser [I]. 
For uniqueness, let T7 be any tournament having no TT4. OS(x) is a 
cyclic triple for every node x of Tv. Otherwise, some OS(x) would contain 
a TT3 which with x would form a TT4 in T~. Let vx be a node of TTand 
set OS(v~) = {v~, v3, v4} and IS(v 0 = {vs, v6, vT} such that v~v3, v3v~, 
v4v2, vav~, v6v7, VvVn are arcs of ~L~ By outdegrees, I OS(vl, w)[ = 1 for 
each w in IS(v1). We can assume v~v2 is an arc of T7. Since 
OS(wl ,  w2, vl) - -  
fo r  w 1 @~w2.in IS(v1), either v,v3 or VnV~ is an arc of TT. The former case 
implies v7v4 is an arc of T7 so that OS(v4) = {v~, vs, v,}. But {v~, vs, v6} 
are the nodes of a r r . ,  so we must have V,v]. Thus,~ - - -~ is  an arc of T]. 
This determines all remaining arcs, namely, v~v 6, v~v7 , V3Vs , v~v6 , V4Vn , 
v~v 7. Consequently, a T 7 having no TT4 is uniquely determined. Identifying 
vx, v2, v3, v4, vs,  v6, v7 with 0, 1, 2, 4, 6, 3, 5, respectively, we obtain an 
isomorphism between the present T7 and the T7 due to Erd/Ss and Moser. 
(ii) If we form a 7"6 by deleting one node and the 6 arcs incident with 
that node from the T v found in (i), then this T8 has no TT4. 
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For  uniqueness, let T 6 be any tournament having no TT4. It  can be 
assumed that T 6 has score sequence (2, 2, 2, 3, 3, 3). Let Vl be a node with 
__---q,. 
od(V l )  = 3. Let OS(v l )= {v2, va, v4} and 1S(v l )= {v~, v~} with v~v 3, 
VzV4, v~v2, VsV6 arcs in T6. } OS(v~, vi)] ~< 1 for i = 5 and 6, as otherwise 
Vl, vi and two nodes of OS(vl ,  vi) would form a TT  4 in T6. Also 
[ OS(vt,  v~)[ /> 1 for i = 5 and 6. I f  i = 6, this follows by outdegrees. 
I f  IOS(vl ,vs)]  = 0, od(vs )= 2 so that two nodes in OS(v~) have 
outdegrees 3. But then these 2 nodes, v 5 , and v 6 form~a TT 4 in T6 9 Thus, 
I OS(vl ,  v~)] = 1 for i = 5 and 6. We can assume vsv2 is an arc of T6. 
I f  v6va is an arc, then v2, v4, vs,  vG form a TT4 in T 6 . Thus is an arc. 
This determines the remaining four arcs, namely, v3vs, v4vs, v3v6, vev6. 
Consequently, a T6 having no TT4 is uniquely determined. Identifying 
v~, v2, Va, v4, v5, v6 with 1, 5, 2, 3, 4, 6, respectively, we obtain an 
isomorphism between the present T6 and the 7"6 obtained f rom (i). 
We call the T 7 and T, of  Theorem 2 the special tournaments of  orders 7 
and 6, respectively. They are denoted by ST 7 and ST 6 . 
In Section 2 we prove a fundamental  result which yields existence of 
a TTs in any Tn containing a node x with IS(x) ~ TTz and OS(x) ~ STT. 
This result is applied in Section 3 in the disproof of the ErdSs and Moser 
conjectured value off (n) .  Also, we give the value o f f (n )  for 1 ~< n ~ 23. 
In Section 4 we prove existence and uniqueness of  a Tz~ having no TT5. 
This result should find application in further searches for largest ransitive 
subtournaments. 
2. THE FUNDAMENTAL THEOREM 
THEOREM 3. I f  a Tll contains a node x with I S (x )~ TT  z and 
OS(x) ~ ST 7 , then T n contains a TT~ . 
PROOF: Let Tn contain a node x such that IS(x) = {A, B, C} with arcs 
>- ~ ), 
AB, BC, AC, and OS(x) ~ ST7 given in Theorem 2 (i). Let [ OS(A, x)[ = a, 
] OS(B, x)[ = fi, and [ OS(C, x)l = y. Since every T4 contains a TT3, 
we can assume % fl, y ~ 3. Also, we can assume that the sum of  any two 
of ~, fl, ), is greater than 3 (e.g., if ~ + fl ~ 3, then IS(A, B) c~ OS(x) 
contains a TT3 which with A and B is a TT  5 so that in such a case T n would 




Our method of  attack is to eliminate cases in which T n contains a TT5 
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with either two nodes in IS(x) and three nodes in OS(x) or three nodes in 
IS(x) and two nodes in OS(x), and so to exclude all possible cases. This 
will be done by considering 2 • 7 matrices of zeros and ones in the 
former case and 3 • 7 matrices of zeros and ones in the latter case. The 
7 column labels will be 0, 1, 2, 3, 4, 5, 6 in that order, while the row labels 
will represent he vertices under consideration in IS(x) with the order 
determined by decreasing outdegree in IS(x). In either case an entry ai~- = 1 
if the vertex represented by row i is in IS(j), and aij = 0 otherwise. In the 
2 • 7 case we introduce a hierarchy of columns as follows: a column with 
no ones is of type 0, a column with exactly one entry equal to one which 
is in the first row is of type 1, a column with two ones is of type 2. In this 
case we search for three columns cl ,  ca, c3 of type q ,  t~, t3, respectively, 
which are in arithmetic progression with difference a quadratic residue 
(rood 7) and such that q ~< t~ -<, tz. In such a situation, the two vertices 
considered in IS(x) together with el,  e2, and c3 form a TT5 in TI~. In the 
3 • 7 case we introduce a similar hierarchy of columns as follows: a 
column with no ones is of type 0, a column with exactly one entry equal to 
one which is in the first row is of type 1, a column with exactly one zero 
which is in the third row is of type 2, a column with three ones is of type 3. 
In this case we search for two columns c~, e2 of type q ,  t2, respectively, 
such that q ~< t2 and c2 --  c~ is congruent to a quadratic residue (rood 7). 
In such a situation IS(x), e~, and c2 form a TT 5 in Txl. 
In ST7 there are 35 triples, 14 of which are translates (rood 7) of 
R = {1, 2, 4} and N -~ (3, 5, 6}, the quadratic residues and non-residues 
(rood 7). These 14 triples are cyclic triples in ST7, so these are all the 
cyclic triples of ST7 by Theorem 1. Without loss of generality, we can 
assume that i fD  is one of A, B, or C, with t OS(D, x)] = 3, then OS(D, x) 
is a cyclic triple, for otherwise OS(D, x), D, and x form a TT5 in T~I. Thus, 
for such D, OS(D, x) is a translate of R or N. 
We make heavy use of the automorphisms p(y )= ay-+-b of ST7 
where a is any quadratic residue (mod 7) and b is any additive constant 
(mod 7). 
First we investigate the case in which two of ~,/3, 7 are equal to three. 
Let the two nodes of IS(x) corresponding to the two values of three be D 
__ - - -~  
and E with DE in T~.  Accordingly, we consider the following subcases: 
OS(D, x) and OS(E, x) are both translates of N (NN), OS(D, x) is a trans- 
late of R and OS(E, x) is a translate ofN(RN), OS(D, x) is a translate of N 
and OS(E, x) is a translate of R (NR), OS(D, x) and OS(E, x) are both 
translates of R (RR). 2 • 7 matrices as described above are the tools in 
this case. We treat each case in the following: 
NN: By a suitable automorphismwe can assume OS(D, x) = N = {3, 5, 6} 
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We consider separately the seven cases, OS(E, x )= N + i (mod 7), 
0 ~ i ~ 6. OS(D, x) = N and OS(E, x) = N + i are denoted 0i. For 00 
our 2 • 7 matrix is 
0 0 0 1 0 1 1) 
0 0 0 1 0 1 1" 
Columns 0, 1, 2 have types 0, 0, 0, or 012 has 000, so that D, E, 0, 1, 2 
form a TT  5 in this case. Continuing we see; 01 is given by 
0 0 0 1 0 1 1) 
1 0 0 0 1 0 1 
so that 123 has 001, and 03 is given by 
(ooo1011) 
0 1 1 0 0 0 
so that 456 has 012. Since 01, 02, and 04 are equivalent cases via the 
automorphism q~(y) = 2y, 02 and 04 exclude. 03, 05, and 06 are also 
equivalent so that 05 and 06 exclude. Thus, two nodes of IS(x) cannot have 
translates of N as outsets in OS(x). 
RN: We can assume OS(D, x) ---- R ---- {1, 2, 4} and OS(E, x) = N + i 
(mod 7), 0 ~< i ~ 6. This is denoted by 0i. For 00, 012 has 011. For 03 
(equivalently 05, 06), we see [ OS(D, E, x)l ---- 2, so that D, E, x, and 
OS(D, E, x) form a TT~ in Tl l .  For 01 (equivalently 02, 04), we obtain 
no TTs.  
NR: We can assume OS(D, x) = N and OS(E, x) = R + i (rood 7), 
0 ~ i ~ 6. This is denoted by 0i. For 00, we obtain no TT  5 . For 01 
(equivalently 02, 04), we see I OS(D, E, x)l = 2 so that D, E, x, and 
OS(D, E, x) form a TTn. For 03, 123 has 001 so that 05 and 06 also 
exclude. 
RR: We can assume OS(D, x) = R and OS(E, x) = R + i (mod 7), 
0 ~ i ~ 6. This is denoted by 0i. For 00, 560 has 000. For 01,012 has 012 
so that 02 and 04 also exclude. For 03 (equivalently 05, 06), we obtain 
no TTs.  
Thus, if two of ~, fi, 7 are equal to three, then, using the notation above, 
we can assume that the only allowable remaining cases to consider are 
the following: 
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(1) OS(D,x )=R and OS(E ,x )=N+I ,  denoted R- -~N+I  
(equivalently R --+ N + 2, R --+ N + 4), 
(2) OS(D, x) = N and OS(E, x) = R, denoted N-+ R, and 
(3) OS(D,x )=R and OS(E ,x )=R+3,  denoted R- -~R+3 
(equivalently R --~ R + 5, R ~ R + 6). 
We now consider the case in which ~ = 13.= ~ = 3. IS(x) = {A, B, C} 
9 - ----->- )~ 
with arcs AB, BC, AC. The 3 + 3 + 3 distributions of outsets of A, B, C 
into OS(x) are the following: RRR, RRN, RNR, NRR. We consider each. 
RRR: By (3), we can assume OS(A ,x )=R and OS(B ,x )=R+3.  
Then, comparing A and C, OS(C ,x )= R+3,  R+5,  or R+6.  
OS(B, x) = R + 3 and OS(C, x) = R + 3 is equivalent to R ~ R which 
has been excluded. OS(B, x) = R + 3 and OS(C, x) = R + 5 is equiv- 
alent to R -+ R + 2 which has been excluded. Also, OS(C, x) = R + 6 
yields a 3 x 7 matrix 
0 0 0 1 1 
1 0 1 0 0 
in which 24 has 12 so that A, B, C, 2, 4 form a TT 5 . This excludes RRR. 
RRN: By (3), we can assume OS(A ,x )=R and OS(B ,x )=R+3.  
Comparing A and C and (1), we see OS(C, x) = N q- 1, N + 2, or N + 4. 
OS(B, x) = R + 3 and OS(C, x) = N + 1 is equivalent to R ~ N -}- 5 
which has been excluded. OS(B, x) = R -t- 3 and OS(C, x) = N + 2 
is equivalent to R --~ N + 6 which has been excluded. Also, OS(C, x) = 
N + 4 yields a 3 • 7 matrix 
0 0 0 1 1 
0 1 1 0 0 
in which 61 has 01. This excludes RRN. 
RNR: By (3), we can assume OS(A,x) =R and OS(C ,x )= R+3.  
By (2), OS(B, x) = N + 3. Comparing A and B we have R --~ N + 3 
which has been excluded. This excludes RNR. 
NRR: By (3), we can assume OS(B, x )= R and OS(C, x )= R + 3. 
By (2), OS(A, x) = N. Comparing A and C we have N--+ R + 3 which 
has been excluded. This excludes NRR. 
Consequently, %/3, ~ can be assumed not all equal to three. 
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Next we investigate the cases in which one of ~,/3, or ~, is equal to two. 
Let P denote a pair of nodes of OS(x)(~STT) as outset from_~A, B, or C. 
We investigate cases in which two nodes, D and E with arc DE, of IS(x) 
have outsets in OS(x) given by RP, NP, PR, or PN. We can assume that R 
or N is untranslated. Since the automorphism of ST~ ~v(w) = 2w (rood 7) 
leaves R and N fixed, the pairs P to consider, although 21 in number, 
may be reduced to 7 classes; {{0, 1}, {0, 2}, {0, 4}}, {{0, 3}, {0, 6}, {0, 5}}, 
{{1, 2), {2, 4}, {1, 4}}, {{3, 5), {3, 6}, {5, 6}}, {{1, 3), {2, 6}, {4, 5}}, {{1, 5}, 
{2, 3}, {4, 6}}, {{1, 6), {2, 5), {4, 3)). We introduce the following notation 
for representative pairs from each class: a = {0, 1), b = {0, 3}, e = {1, 2}, 
d = {3, 5}, e = {1, 3}, f = {1, 5}, g ---- {1, 6}. 2 • 7 matrices are used as 
before. 
RP: Ra and Rb do not exclude. In Rc and Re, 560 has 000. In Rd, 012 
has 011. In Rf, 601 has 002. In Rg, 350 has 000. 
PR: dR does not exclude. In aR, 601 has 012. In bR, 560 has 001. In cR 
and eR, 560 has 000. InfR, 601 has 002. In gR, 350 has 000. 
NP: In Na and Nb, 246 has 001. In Nc, 456 has 001. In Nd, 012 has 000. 
In Ne, 456 has 011. In Nf, 024 has 000. In Ng, 456 has 012. This excludes 
NP. 
PN: aNdoes not exclude. In bN, 123 has 002. In cN, 012 has 011. In dN, 
012 has 000. In eN, fN, and gN, 024 has 000. 
Thus, we can assume that the only allowable 32 and 23 sequences of 
outsets in OS(x) of nodes in IS(x) are the following: 
(4) Ra, denoted R --+ 01 (equivalently R ~ 02, R --+ 04), 
(5) Rb, denoted R --~ 03 (equivalently R --~ 06, R ~ 05), 
(6) dR, denoted 35 --+ R (equivalently 63 -+ R, 65 ---,- R), and 
(7) aN, denoted 01 ~ N (equivalently 02 ~ N, 04 --~ N). 
We now use (1)-(7) to exhaust cases in which one of ~,/3 or ~ is equal 
to two and the remaining two are equal to three. 
First, we consider ~ -----/3 = 3 and ~ = 2. By (4)-(7), neither OS(A, x) 
nor OS(B, x) can be N type. Thus, by (3), we can assume OS(A, x) = R 
and OS(B ,x )~R-k3 ,  Rq-5 ,  or R -k6 .  Then, by (4) and (5), 
OS(C, x) -~ a, 2a, 4a, b, 2b, or 4b. We reduce these 18 cases to 6 cases by 
use of automorphisms of ST 7 (e.g., OS(B, x) = R q- 5 and OS(C, x) ---- b 
is equivalent to R -k 3 --+ 2b which is equivalent to R q- 6 ~ 4b). We use 
the symbol ~ to denote the equivalence of cases. 
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os(B, x) os(c, x) os(~, x) os(c, x) OS(B, x) OS(C, x) 
R -k 3 a ~ R a q- 4 ~ R e excludes 
R -k 3 2a ~ R 2a + 4 ~ R f excludes 
R -5 3 4a ~ R 4a -k 4 ~ R c excludes 
R q- 3 2b ~ R 2b -t- 4 ~ R g excludes 
R + 3 4b ~ R 4b -k 4 ~ R c excludes 
R -k 3 b ~-~ R b q- 4 ~-~ R a does not 
exclude 
However, using a 3 • 7 matr ix showing OS(A, x) = R, OS(B, x) = R -k 3, 
and OS(C, x) -~ b, we find that 12 has 11; i.e., A, B, C, 1, 2 form a TT5 
in this case. Thus, we can assume there is no 3 -k 3 -k 2 distr ibution of  
outsets of  A, B, C in OS(x). 
Next, we consider oL ~ ~, = 3 and/3 = 2. OS(A, x) is not of  type N, 
as no N type can be fol lowed by a pair (see (4)-(7)). Thus by (1)-(3), 
OS(A, x) and OS(C, x) are one of  R and N + 1, R and N -k 2, R and 
Nq-  4, R and R q- 3, R and R + 5, or R and R-k  6. Considering A 
and B in l ight of (4) and (5), we see OS(B, x) is a, 2a, 4a, b, 2b, or 4b. 
We reduce these 36 cases to 12 by use of  automorphisms of  ST 7 . 
OS(B, x) OS(C, x) OS(B, x) OS(C, x) OS(~, x) OS(C, x) 
a N-k  1 ~ a + 6 N ~ b N excludes 
2a N -~ 1 ~ 2a + 6 N ~ g N excludes 
4a N -k 1 ~ 4a -k 6 N ~ d N excludes 
a R -t- 3 ~-~ a -1- 4 R ~ e R excludes 
2a R -k 3 ~ 2a + 4 R ~ f R excludes 
4a R + 3 ~ 4a q- 4 R ~-~ c R excludes 
b N + 1 ~ b -k 6 N N e N excludes 
2b N + 1 ~ 2b -k 6 N ~ d N excludes 
4b N + 1 ~ 4b + 6 N ~-~ f N excludes 
b R+3 ~,o b@4 R ~ a R excludes 
2b R + 3 ~-~ 2b -? 4 R ~ g R excludes 
4b R + 3 ~ 4b + 4 R ~-~ c R excludes 
Thus, we can assume there is no 3 + 2 -k 3 distr ibution of  outsets of  
A, B, C in OS(x). 
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The final case in which exactly one of %/3, 9" is equal to two and the 
remaining two are equal to three is ~ = 2 and/3 = 9" = 3. By (1)-(3), 
we have either OS(B, x) is R and OS(C, x) is N -k 1, N + 2, N -k 4, 
R + 3, R + 5, or R § 6, or OS(B, x) is N and OS(C, x) is R. I f  OS(B, x) 
is R, the 18 cases reduce to 6 by use of automorphisms of ST 7 . 
os(A, x) os(c, x) os(A, x) os(c, x) os(A, x) os(c, x) 
d N+ 1 ~ d+6 N ~ c N excludes 
d N+2 ~ d+ 5 N ~ e N excludes 
d N -k 4 ~ d + 3 N ~-, g N excludes 
d R + 3 ~, d -k 4 R ~ a R excludes 
d R -k5  ~ d+2 R ~ b R excludes 
d R + 6 ~ d+ 1 R ~ f R excludes 
The remaining possibility, OS(B, x) is N and OS(C, x) is R, requires 
OS(A, x) to be a, 2a, or 4a. Considering A and C, we see that a ~ R 
(equivalently 2a ~ R, 4a -+ R) has been excluded. Thus we may assume 
there is no 2 -1- 3 ~ 3 distribution of outsets of A, B, C in OS(x). 
In summary, we have excluded the case in which o~ = fi = 9/- -  3 and 
the cases in which exactly one of %/3, 9' is equal to two and the remaining 
two are equal to three. 
To attack o~ =/3  =9"  = 2 we consider pairs of nodes of OS(x) 
(~ST7) two at a time. Since the automorphism group of ST7 is transitive 
on its arcs, we can take {0, 1} as the outset in OS(x) of the first node 
considered in IS(x) (we assume the arc in IS(x) joining the two nodes 
considered is directed from the first node to the second). There are at 
least three nodes of OS(x) which are in the inset of the two nodes con- 
sidered in IS(x). These three nodes can be assumed to be a translate of 
R or N, for otherwise, considered with the two nodes considered in IS(x), 
they would form a TT  5 . The only four translates without an occurrence 
of 0 or 1 are {2, 3, 5}, {3, 4, 6}, {3, 5, 6}, {2, 4, 5}. Thus, the possible 
outsets in OS(x) for the first and second nodes in IS(x) are {0, 1} and {4, 6}, 
{0, 1} and {2, 5}, {0, 1} and {2, 4}, or {0, 1} and {3, 6}. In each case we use 
2 • 7 matrices as before. For {0, 1} and {4, 6}, 350 has 001. For {0, 1} and 
{2, 5}, 601 has 011. For {0, 1} and {2, 4}, 560 has 001. {0, 1} and {3, 6} 
does not exclude. But if OS(A, x )= {0, 1}, then we must have 
OS(B, x) = OS(C, x) = {3, 6} so that B, C, x, 3, 6 form a TTs .  This 
excludes a 2 q- 2 q- 2 distribution. 
It is now straightforward to eliminate the three cases in which one of 
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c~,/3, ~ is equal to three and the remaining two equal to two. Because of 
(4)-(7) we will consider only R and N rather than any of their proper 
translates. 
First, we consider ~ ~/3  = 2 and 7 = 3. Either OS(C, x) is N or R. 
I f  OS(C, x) is N, then OS(A, x) is a, 2a, or 4a, and OS(B, x) is a, 2a, or 
4a (see (4)-(7)). For a a, 234 has 000. For 2a a, 345 has 000. For 4a a, 
234 has 001. I f  OS(C, x) is R, then OS(A, x) is d, 2d, or 4d, and OS(B, x) 
is d, 2d, or 4d (see (4)-(7)). In each of the three non-equivalent cases d d, 
2dd, and 4dd, 012 has 000. This excludes ~ ----/3 ---= 2 and Y ~ 3. 
Next, we consider =---=y = 2 and /3----3. By (4)-(7), we assume 
OS(C, x) is R. Then OS(A, x) is d, 2d, or 4d, and OS(C, x) is a, 2a, 4a, b, 2b, 
or 4b. These 18 cases are reduced to 6. For d a, 246 has 000. For 2da and 
2db, 456 has 001. For 4da, 234 has 000. For db, 123 has 002. For 4db, 
456 has 011. This excludes o~ ---= ~, = 2 and/3 = 3. 
The remaining case at hand is ~ ---- 3 and/3 = y = 2. By (4)-(7), we 
assume OS(A, x) is R. Then OS(A, x) is a, 2a, 4a, b, 2b, or 4b, and OS(C, x) 
is a, 2a, 4a, b, 2b, or 4b. These 36 cases reduce to 12, three of which have 
been excluded (a a, 2a a, 4a a). For a b, 2a b, b b, and b a, 456 has 000. 
For 4a b, 560 has 002. For 2b b, 455 has 001. For 4b b, 246 has 000. For  
2b a and 4b a, 234 has 000. This excludes o~ = 3 and/3 ---- y ~ 2. 
Finally, we consider the three cases in which one of ~,/3, ~ is equal to one 
and the remaining two are equal to three. This will exhaust all possible 
values for ~,/3, and ~. Assume first that OS(A, x) or OS(B, x) is R. We 
ignore translations (using automorphism of ST7 given by ~(y)--- -2y 
(mod 7)). We determine possible single nodes as outsets in OS(x) for the 
node corresponding to the ~,/3, or ~ value of one. R 0 does not exclude. 
For R 1 and R 3, 560 has 000. Now assume that OS(A, x) or OS(B, x) is N. 
For NO, 123 has 001. For N 1 and N3,  456 has 011. Next assume that 
OS(B, x) or OS(C, x) is R, then N. For 0 R, 561 has 001. For 1 R and 3 R, 
560 has 000. For 1 N, 024 has 000. For 3 N, 012 has 000. 0 N does not 
exclude. Thus, the only 3 --+ 1 and 1 --~ 3 distributions are R 0 and 0 N 
and their images under the automorphisms of ST 7 . Any proper trans- 
lation of R or N will change 0 into another integer (mod 7) which with 
the non-translated R or N has been excluded. Thus, we need consider 
only sequences of length three giving OS(A, x), OS(B, x), OS(C, x) taken 
from R, N, and 0. R 0 N is excluded by (1)-(3). N 0 R, 0 R N, and 0 N R 
are excluded as 0 R excluded. R N 0 and N R 0 are excluded as N 0 
excluded. Thus we have excluded the cases in which one of o~,/3, ~ is equal 
to one and the remaining two are equal to three. 
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Since we have exhausted the possible values of  o~,/3, ), and have found 
a TT5 in all cases, the proof  is complete. 
3. THE MAIN RESULT 
The aforementioned conjecture of  Erd6s and Moser that for each 
positive integer k there exists a tournament of  order 2 k-* -- 1 having no 
transitive subtournament of order k is now shown false for all k >/5.  We 
also obtain a new lower bound forf(n).  
THEOREM 4. Every T14 contains a TT  5 . 
Proof. Let Tx4 be given. I f  T14 contains a node x with od(x) ~ 8 or 
id(x) ~ 8, then OS(x) or IS(x) contians a TT4 ( f(8) ~ 4 by Stearns' 
result [2]) which with x forms a TT5. Thus, we assume T14 has score 
sequence (Sl,...,sT,ss,...,s14) with s i=  6, 1 ~ i~7,  and s i=  7, 
8 ~ i ~ 14. Let x be a node with od(x) : 7. I f  OS(x) is not isomorphic 
to ST 7 , then, by Theorem 2, OS(x) contains a TT4 which with x form 
a TTs .  I f  OS(x) ~ ST 7 , then, since IS(x) contains a TT3 ( f (6)  /> 3), we 
apply Theorem 3 to obtain a TT  5 in T~4 9 In any case Tx4 contains a TT  5 . 
COROLLARY 1. Let  k and m be positive integers with k ~ 5 and 
m ~ 7 9 2 k-4. Every Tm contains a TTk .  
Proof. It is sufficient o show every Tm with m = 7 9 2 k-4 contains a 
TT~ (k ~ 5). For k = 5 use Theorem 4. Assume every Tin, contains a TT~, 
where 5 ~ k' < k and m'  = 7 9 2 k'-4. Let T~ be such that rn = 7 9 2 k-4, 
and let x be a node of Tin. Either od(x) ~ 7 9 2 k-3 or id(x) ~ 7 9 2 k-~, 
for otherwise m = id(x) q- od(x) -k 1 ~< 7 9 2 k-a --  1 < m. By the induc- 
tion assumption, OS(x) or IS(x) contains a TTk_l which with x forms a 
TTk in T~. By induction the result follows. 
COROLLARY 2. f (n )  >~ [log2 (16n/7)]for n >~ 14. 
Proof. For  a given n >~ 14, pick k so that 7 .2  k -a>n ~>7.2  k-4. 
By Corollary 1, any T~ contains a TTk .  The inequalities yield 
k q- 1 > log2 (16n/7) /> k, or k = [log2 (16n/7)1. Thus, every T,~ contains 
a TTk with k = [log= (16n/7)], o r f (n)  >~ [log2 (16n/7)]. 
We now determiner(n) for 1 ~< n ~< 23. By Stearns' result, f(13) >~ 4. 
Consider the T~s with nodes {il 0 ~< i ~< 12} and arcs 
.-> 
{ i j [ j  - -  i =- 1, 2, 3, 5, 6, or 9 (mod 13)}. 
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Since 9(Y) = c~y q-/3 (c~ = 1, 3, or 9 and/3 any additive constant mod 13)) 
is an automorphism of this tournament, TI~ contains a TT5 if and only if 
OS(0, 1) contains a TTs .  But OS(0, 1) = {2, 3, 6} is a cyclic triple. Thus 
f(13) = 4. Next consider the T23 with nodes {il 0 <~ i ~< 22} and arcs 
{ij I J - -  i =-- a quadratic residue (mod 23)}. Since 9(Y) = c~y +/3 
(c~ = any quadratic residue (mod 23) and/3 any additive constant (mod 23)) 
is an automorphism of this tournament, T23 contains a TT  6 if any only if 
OS(0, 1) contains a TT  4 . Now OS(0, 1) = {2, 3, 4, 9, 13}, which forms 
a T 5 with score sequence (1, 2, 2, 2, 3). By outdegrees, any TT  4 in OS(0, 1) 
must have 9 as the node with outdegree qual to three. But OS(0, 1, 9) 
is a T 4 with score sequence (1, 1, 1, 3). Thus, f(23) ~< 5. By Stearns' result 
f(23) >~ 5, so f(23) = 5. These considerations, together with Theorem 1 
and Stearns' result, yield the following: f(1) = 1, f (n )  = 2 for n = 2 
and 3, f(n) = 3 fo r4  ~<n ~<7, f(n) =4for  8 ~<n ~< 13, f (n) = 5 for  
14 ~< n ~< 23. 
Note: After submitting this paper, one author verified that the field of order 33, 
with quadratic residues determining directions, yields a T37 with no TTn. Thus f(n) = 5 
for 24 to 27 inclusive. 
We denote the Tlz above by ST13. 
4. UNIQUENESS OF A T13 HAVING NO TT5 
By Corollary 2,f(27) ~> 5 and f(28) >~ 6. In order to investigate a T27 
for a TTn,  the following theorem restricts this search to the case in which 
for every node x of T~r, OS(x) ~ IS(x) ~__ STy3. 
THEOREM 5. There exists a unique T13 having no TT  5 . 
Proof. Existence is given by ST13 in the previous ection. 
By Theorem 2, if T13 has no TTs ,  then OS(x) ~ IS(x) ~ ST 6 for each 
node x of T18. For the nodes of ST6 we take R0 u No where R 0 = {1, 2, 4} 
and No = {3, 5, 6}. Let x be a node of a fixed T~a having no TT  5 . We 
identify IS(x) and OS(x) with ST6,  using primed numbers to denote 
nodes in IS(x) and unprimed numbers to denote nodes in OS(x). Since Txa 
has score sequence (6,..., 6), we deduce the following: 
(8) [ OS(r', x)I = 2 for r '  in R0', ] OS(n', x)[ = 3 for n' in No', 
1 IS(r, x)l ---- 3 for r in R0, I IS(n, x)l = 2 for n in N o . 
Since there are exactly 8 translates including themselves of No and R0 
in ST6,  and each of these is cyclic, all other triples in ST6 are transitive 
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(Theorem 1). Consequently, OS(n', x) is a translate of No or R o for each n' 
in No'. Further, the three proper translates of R 0 which are in ST6 are 
equivalent under the automorphism cp(y) = 2y (rood 7), as are the three 
proper translates of No. We refer to {2, 3, 5} and {2, 4, 5} as level zero 
translates of R 0 and No, {3, 4, 6} and {1, 3, 4} as level one translates, and 
{5, 6, 1} and {6, l, 2} as level two translates. In the following R and N refer 
to representatives of the equivalent 3-level translates of Ro and No, 
respectively. 
Let D and E be non-residues in IS(x) (i.e., D and E are in No') with 
DE an arc of T13. We denote by an ordered pair OS(D, x) OS(E, x) the 
outsets of D and E in OS(x). By the previous paragraph, we must consider 
56 order pairs of distinct riples. The triples must be distinct, for otherwise 
D, E, x, and two nodes of OS(D, E, x) form a TT 5 . For the same reason, 
Ro N, NRo, RNo, and NoR are excluded. Likewise RN and NR, where 
both representatives are from the same level, are excluded. At this point 
we ignore RoNo and NoRo, as they will be treated below. Thus, we must 
treat 36 ordered pairs of distinct triples which can be treated by con- 
sidering the following 12 pairs of representatives: RoR, RRo, NoN, NNo, 
RR+ , RR_ , NN+ , NN_ , RN+ , RN_ , NR+ , and NR_ . By a "+"  we 
mean the level of the second representative is equal to one plus the level 
of the first representative (mod 3), while by a " - - "  we mean minus instead 
of plus. We exclude cases using 2 • 6 matrices imilar to 2 • 7 matrices in 
Section 2. 
For NoN, taking N = {1, 2, 6}, 456 has 012. For RR+, taking the first 
R = {2, 3, 5}, 123 has 012. For NN_, taking the first N = {2, 4, 5}, 
345 has 011. For NR+, taking N = {1, 3, 4}, 234 has 011. For NR_, 
taking N = {2, 4, 5}, 345 has 012. The remaining seven cases do not 
exclude. Since NR+ and NR_ both exclude, we cannot mix letters without 
subscript 0 when we consider triples giving the outsets in OS(x) of the non- 
residues of IS(x). 
Now we consider the three triples of outsets in OS(x) of non-residues in
IS(x). Since No' is a cycle in IS(x), it makes no difference which outset in 
OS(x) is written first. Above we delayed cases RoNo and NoRo, but now 
we see that neither case can be completed as outsets in OS(x) of No', 
since R o and N are incompatible, as are No and R. For three N's, since NN_ 
is excluded, we must have NNN+ (meaning the first two and last two N's 
are NN+), Similarly, for three R's, we must have RRR_. Thus, we need 
consider only NNN+, RRR_, RoRR_, NoNN+. Toward this end we study 
RR_ and NN+. 
In case RR_, we pick representatives so that OS(5', x) = {3, 4, 6} and 
OS(6', x) = {2, 3, 5}. Since the only TT3's in IS(x) containing 5' and 6' are 
{4', 5', 6'} and {5', 2', 6'}, we check for possible 2-sets of nodes giving 
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OS(4', x) and OS(2', x). Of course, these 2-sets must not occur in either 
OS(5', x) or OS(6', x). The check is carried out using 2 • 6 matrices as 
before. First we check for OS(4', x). While {1, 4}, {4, 5}, {2, 4}, {2, 6} do not 
exclude when compared to OS(6', x), the latter two pairs do exclude when 
compared to OS(5', x). Also, neither {1, 4} nor {4, 5} excludes when 
compared to both OS(6', x) and OS(5', x) in a 3 x 6 matrix. Thus, 
OS(4', x )= {1, 4} or {4, 5}. Next we check for OS(2', x). As above 
OS(2', x) must be one of {1, 4}, {4, 5}, {2, 4}, or {2, 6), but the first two 
pairs exclude when compared to OS(5', x). Further, {2, 4} excludes when 
compared to both OS(5', x) and OS(6', x) in a 3 x 6 matrix. Thus, 
OS(2', x) = {2, 4}. 
We apply these considerations to RRR_ .  We can assume OS(3', x) = 
{1, 5, 6}, OS(5', x) = {3, 4, 6}, and OS(6', x) = {2, 3, 5) using the auto- 
morphism q~(y) -~ 4y (rood 7) of ST n . The pair {2, 4} is OS(2', x), by the 
last paragraph, so using the same automorphism, OS(I', x )= {1, 2} 
and OS(4', x) = {1, 4). This is the only T13 of type RRR_ having no TTs.  
Next we apply our study of RR_ to RoRR_. We can assume 
OS(3', x) = {1, 2, 4}, OS(5', x) = {3, 4, 6}, and OS(6', x) = {2, 3, 5}. We 
know that OS(2', x) = {2, 4} and OS(4', x) = {l, 4} or {4, 5}. But either 
case for OS(4', x) yields IS O, x) = {3', 5', 2', 4'} where 4 e R0, contrary 
to (8). Thus RoRR_ is excluded. 
In order to treat NNN+ and NoNN+ we consider NN+. We pick 
representatives so that OS(5', x) = {2, 4, 5} and OS(6', x) = {I, 3, 4}. 
Since the only TT3"s in IS(x) containing 5' and 6' are {4', 5', 6'} and 
{5', 2', 6'}, we check for possible 2-sets of nodes giving OS(4', x) and 
OS(2', x). These 2-sets must not occur in either OS(5', x) or OS(6', x). 
The following shows that it suffices to check only for OS(2', x). While 
{1, 2}, {1, 5}, {2, 3}, {5, 6} do not exclude compared to OS(6', x), all four 
cases exclude compared to OS(5', x) so that OS(2', x) cannot be assigned 
in this case. Thus NNN+ and NoNN+ are excluded. 
In summary, any Ta~ having no TT 5 must have the structure determined 
in RRR_ .  In fact, the correspondence with ST13 is given by: 
ST13: 811 7 104  120139265 
Tla: 1' 2' 4' 5' 3' 6' x241365 
This completes the proof of Theorem 5. 
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